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The problem

Thermodynamic potential: massless QCD Lagrangian
-1 - -
Q= Wln / DADYDipe 5o Lagcp = 5 F2,FH2 4+ By
0 {:} Q Saco = [y d7 [ A3 (L + pbyor))
g
pressure

9° {5} {::I:::} @ pQCD(T,/L,g):—%
g* @ {;% @ {QE} {Q}:} {:{:}:} dimensional reduction:

Pocb = Pe + Pm + Pa

DD D RO g

MS
diverges at T — 0

which of these diagrams cause trouble?
(+ ghost diagrams)
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The problem

Thermodynamic potential: massless QCD Lagrangian
-1 - -
Q= Wln / DADDype~5cD Lagcp = 5 F2,FH2 4+ By
0 {:} Q Saco = [y d7 [ A3 (L + pbyor))
g
pressure

g° %{“} {:::I::} @ pQCD(Tvﬂvg):_%

2GR (two-gluon-reducible)

gt @ {;% @ {QE} ﬁ:ﬁ {:{:}:} dimensional reduction:

Pocb = Pe + Pm + Pa

® & D opdnl ™ g

MS
diverges at T — 0
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The idea: Resum 2GR separately

resumme

Paco = Pzei + Psgr T Upt0O(Q?)  Prayy
Y2

2GR resummed

(two-gluon-irreducible) (two-gluon-reducible)
{ go B
0O )y >
n=2 ni,ne=1
o 3 (00 ©

9 [eS)
s 2 >
g @ i%; @ ni,n2,n3=1 ni,na=1

@ @ @ ) with gluon self-energy
W‘” = WQW + w{:}M + j::éw

(+ ghost diagrams)
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Introduction

Phase diagram

Previous approaches

QCD phase diagram (in polar coordinates)
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~
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Introduction
Phase diagram
Previous approaches

QCD phase diagram (in polar coordinates)

g% g%29%g*g°g®--- non-perturbative
n=0 - 90°
S0 . 3
quark{glyon|plgsma i 8 iy
o« 2 S c
Q QJ Zh 3 S g
9 Qo (? o
) i & S <
S Q
O >
Ly 4
csc
T=0 — : 0°

o~ T2 2

3
5(9) = MS% = _(4217?.)2 (131NC - %Nf) + 0(95)

Gross, Wilczek, Politzer (1973)
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Phase diagram
Previous approaches

QCD phase diagram (in polar coordinates)

g% g%29%g*g°g®--- non-perturbative
p=0 i 90°
T =

[

] %

~ g:u 9 ) / ‘9‘

]

T ~0g%u /v qzi
T=0 — 0°

~ T2

color superconducting gap ¢ ~ Te ~ ug > exp *3}
Son (1999)
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Introduction
Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%293g%g°g°

T ~pu Free contribution:
Stefan-Boltzmann
T ~gu
~g%u
T=0

psa(T. ) = (Tt + 7™ ) T4+ Mg T2 + feeu + 0(g?)
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

p=0 ‘ 5 |
w~grT o
T~u — Free contribution:
Stefan-Boltzmann
N
T~gu
N
T ~g%u
T=0

2N 712NN NeN NcN
pse(T, 1) = ( =2 + g ‘) T4+ 20T 202 + 230 + O(g?)
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%939g*g®g®---

p=20 |
T ~pu Zero temperature
result

T ~ g,Uz Freedman, McLerran (1977)
T ~ g%

T=0

4 2 4
v g g 29 6
= 1- — 3.3385 +4Ing — —In— In
P = 2n2 < 272~ 167 ( 49~ 3 ﬁMS> +0(g’ing)
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Introduction
Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9°9°9%g°¢° - .
pw=0 Perturbation theory
gzz Shuryak; Chin (1978)
g3 Kapusta (1979)
T~ 1% g%Ing: Toimela (1983)
g*: Amold, Zhai (1994)
g% Zhai, Kastening (1995)

T ~agp
Dimensional reduction
T ~ QZIM g%: Braaten, Nieto (1996)
i g®ing: Kajantie, Laine
Rummukainen, Schréder (2002)
» \ pn > 0 for gs, gelng: Vuorinen (2003)
T=0 g% Di Renzo, Laine, Miccio,

Schroder, Torrero (2006)
Laine, Schroder, Vuorinen,... (200?)
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

pw=0 Perturbation theory

gzz Shuryak; Chin (1978)
2 g% Kapusta (1979)
T~p z

Q g4lng: Toimela (1983)
@

<\ g4: Arnold, Zhai (1994)
@) ) g% Zhai, Kastening (1995)
©
<

o Dimensional reduction

\‘ g®ing: Kajantie, Laine
.

5. .
T ~ 92/‘ g°: Braaten, Nieto (1996)

Rummukainen, Schréder (2002)

) \ pn > 0 for gs, gelng: Vuorinen (2003)
T=0 g% Di Renzo, Laine, Miccio,
. Schroder, Torrero (2006)
Separatlon of scales: Laine, Schroder, Vuorinen,... (200?)

T>mg ~gT >>mmagNng

p=pe(T.9)+pm(M2.ge. Ae....) + Pc(Om, -.)
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Introduction
Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

p=0 . : ‘
p~gT e o .
T ~pu Dimensional reduction
N atu#0
T ~ g,u Vuorinen (2003)
T ~g%u
T=0

Order g# contains special functions R(.../T)
that can be expanded for small and large 1/T.
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%939g*g®g®---

p=0 ‘
T~p Connection to
zero-temperature?
T ~gu
T ~g%
T=0 ? =
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%293g%g°g°

p=0 ‘
T ~p HDL™ resummation
Gerhold, Al, Rebhan (2004)
T ~gu
T ~g%u ~>.,'~,. op = p—Pss
: o - (p_pss)’T:O
T=0

T \2/3 T \4/3
op = 9°T?u {#In +#+#< ) +#<) +}
gu gu

Non-Fermi-liquid behavior in entropy & specific heat
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Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%293g%g°g°

p=0 ‘
T ~p HTL™ resummation
\ Gerhold, Al, Rebhan (2004)
Al, Kajantie, Rebhan, Vuorinen (2006)
T ~gup
T ~g?u
T =
1o 9%Te 22 G (ZCA_TF / /
N, op = —aga2l T 7288 ~ 5.3 dgo nb(do) dg g
HTL . HTL
X [Zlmln <qg()7+ﬂ) +Imin <qg(37+£h)}
q qo q 7q0
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Introduction
Phase diagram
Previous approaches

Previous approaches for the pressure p(T, i, 9)

9° 9%939g*g®g®---

p=0 ‘
T ~u New method: pyv
Al, Kajantie, Rebhan, Vuorinen (2006)
T ~agp
T ~gu
T=0
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

HTL: 9%4® g°T? g°T?

OO0
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

hard regime
%E% K ~T
L L

- K2 T2
® 11 %
Kk vt

1 g4

MW‘W‘M tzMiz Mz ~ T2

HTL: 9%4® g°T? g°T?

OO0
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

hard regime  soft regime
gg% K ~T K ~ gT
e 1 1 1
K2 T2 "~ g?T?
1 1 2 1
= ST
K2 K2 T2 gZTZ
1 1 1 g4 1
For soft K ~ gT all these —+...
diagrams contribute at the 1
same perturbative order ~ K2 n

and have to be resummed. HTL: gzuz gz-l—z ngz

OO0
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

é{”}% M W‘M k2+k2+r|

Matsubara sum:

>
2rT 2 mp o iko = 0, +27T, +4xT, ...
0
2nT
Mp

integrate out hard
modes, effective 3-D HTL: 9°%w? g°T? g°T?

theory for ko = 0 m%: “‘MEWQM+W{?}M+M§:EW
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

M‘M‘MW‘M v
% —kZ + K2+ T

27T Z mp 21T <Smp ~gu/m
ko o
27T

T

Mp Mp

integrate out hard DR fails, have to
modes, effective 3-D use 4D integration
theory for ko = 0 >wn — J dkon(ko)
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

00 O i
% —kZ + K2+ T

27T 2 mp 21T <Smp ~gu/m 27T Z mp ~ gu/m
27T
T ud i
mMp Mp D
integrate out hard DR fails, have to perturbatively can
modes, effective 3-D use 4D integration always choose
theory for ko = 0 >wn — J dkon(ko) smaller g
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

1
) 00 @ -l

27T 2 mp 21T <Smp ~gu/m 27T Z mp ~ gu/m
27T
T
mMp Mp
For any given T/u dimen
Sio . =
integrate out hard DR fails, have to .nal reduction Is valig i
modes, effective 3-D use 4D integration ('S Chosen gy enough
theory for ko = 0 >wn — J dkon(ko) smaller g i
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

M‘M‘NW‘M v
%}}% —kZ + K2+ T

27T 2 mp 2rT Smp ~ gu/m 21T Z mp ~ gu/m

o

27T

Mp
In order to observe the
breakdown of DR, we have
to study a parametrically

F i

.or any given T/u dimen
S 1 :
lonal reduction IS valig if

integrate out harg :
modes, effective | small temperature region

9 is chosenp Smal| €noug
theory for ko = 0| T ~ 9/

smaller g

h.
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Problem of dimensional reduction
Our solution
Technical details

New approach

Problem of dimensional reduction

for fermions:

7T 2 mp 7T Smp ~gu/m
\LO \& Matsubqra sjum
o for fermions:
ikp = +7T +ip,
N e T £37T +ip, ...

UBKJ

00000000000000
H
—

(] (]
L npe \d

only need to resum

<l—1, gluon lines:
There is no problem with fermions, as x regulates the = 2GR
IR region.
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Problem of dimensional reduction
Our solution
Technical details

New approach

Our solution

Paco = Paci + Phan e UptoO(g*)  for gy + 5
nd,,
2GR resummed

(two-gluon-irreducible) (two-gluon-reducible)
{3 O S
)y >
n=2 ni,ne=1

o 3 (00 ©

oo oo
y > >
g @ {;};‘} @ ni,nz,ng=1 ni,na=1

@ @ @ ) with gluon self-energy
W‘” = WQW + w{:}M + j::éw

\.

(+ ghost diagrams)
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Problem of dimensional reduction
Our solution
Technical details

New approach

Our solution

Paco = Paci + Phan e UptoO(g*)  for gy + 5
nd,,
2GR resummed

(two-gluon-irreducible) (two-gluon-reducible)
(O
o 3 (00 ©

o & O

@ @ @ ) with gluon self-energy
W‘” = WQW + w{:}M + j::iw

\.

(+ ghost diagrams)
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New approach

Our solution

Paco = Pzci + Pigr - UptoO(9®) forany

(two-gluon-irreducible)

Problem of dimensional reduction
Our solution
Technical details

K.
2GR resummed

(two-gluon-reducible)

\.

OO

o 2 00 ©
o & O

DD D]

(+ ghost diagrams)

with gluon self-energy

@O0
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Problem of dimensional reduction
Our solution
Technical details

New approach

Our solution

Pqacp = Paai + p;%sgmmequto(’)(g“) for

2GR resummeq

(two-gluon-irreducible) (two-gluon-reducible)

OO
o 2 00 ©

o & O

@ @ @ ) with gluon self-energy
@O0 .

\.

(+ ghost diagrams)
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Problem of dimensional reduction
Our solution
Technical details

New approach

Our solution

Paco = Paci + Prar e Up toO(g?) for

2GR resummeq

(two-gluon-irreducible) (two-gluon-reducible)

with gluon self-energy

@O0

(+ ghost diagrams)
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New approach

Technical detalls

Problem of dimensional reduction
Our solution
Technical details

0
n=2

pinte __ da {ln[1+nL(P)/P2] ~N(P)/P?+CRg*T*/(72(P?+m?)?)
P

+2 (In[1+ Mx(P)/P?] = M (P)/P? + CRG“T*/(72(P* + m")?)) }

VSpIit off vacuum & regulate UV 1( I Avoid singularities
é no singularities,
- 3.1 branch cuts, ..
Pring = p::ﬂlglje + p“?mg + prL\JrYg D inhee
2, 4T4
p:ﬁl = dACAg T i 1 — i R Numerical integration contour
9 48 I (pz +m2)2 p4
1 1
Pring = 2 d- 1)dA(HUV)2$ pé
P \|
L . Al
p \ T \ q \ Minkowski axis
Magnetic mass: Mmag = Ct g°CaT N chens — unphysica pole
Mr(P) — Mr(P) + Miag *
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Agreement with existing approaches
Numerical results Beyond existing approaches

Dimensional reduction OK

finits finit 4
T ~ u‘( f f @ - (pringe 7pringe|93) /q
0 ‘ —
IR
T ~ -2 S
gu 1 P
-4 o
2 e
T ~g°p 1 %8s .
: -8
T=0 -10 © — dim. red.
-12 \\‘ « « « numerical
|
1072 107t g
(N J
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Numerical results

Zero temperature OK

g° 929°9g*g®g®---

Agreement with existing approaches
Beyond existing approaches

p=0

T~p
2. x10°°

T~gu
ngz,u | 1. x10°°

0

(prv — prmeL) / (95ﬂ4)

/

A. Ipp
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Agreement with existing approaches
Numerical results Beyond existing approaches

Dimensional reduction at T ~ ,/gp OK

9° 9%9%°9%9°¢° - o onas 2200 /671
w=20 —7 0.002) T'=02yon — HTLt
0.0015 ceo IV
0.001
T~ Uy V' ¥ | X 0. 0005
T~ /Ouf~ e M e R R
-0.0005
T~gu 0.2 04 06 08 1 12y
\ I J
2 ( ] N 5
T ~g°p B (v —por) /(9”1 O(g )
: 0. 0006 ]
— 0. 0004 i
T 0 oo o
7/2 ~9/2 S
expand g 9 -0.0002 ° .
. . — HTL* o
special functions X +0. 0004 v i
00006} °°° T=02ygu
for Iarge T/,u, 02 04 06 08 1 g O(gQ/Z)
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Agreement with existing approaches
Numerical results Beyond existing approaches

HDL™ resummation OK

=0
a —Y—Y 0ps/(damb)|,.,.
0. 005} >~ DR
T ~ py Y~ 1 \\\\
VN 0. 0025 ~_
o HDL+ N
-0.0025
T ~ gzu | -0.005
: -0.0075
T = O 'O- 01 1 1 1 L
1073 1072 101t 1 10
7=T/mp
A\ J
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Agreement with existing approaches
Numerical results Beyond existing approaches

Interaction pressure Jp

g° 929°9%g®g® ---

-0 ( : )
H 3p/10pin]
1.5 i
TN/’L (14‘.‘ \!]i g=05
’ y 1 Y \\
(— A
T ~gu % § o5 ]77274 \ \\
A R
0 \ :
2 S
T~g%u
. \‘ -0.5
T=0 B O A ]
101 1 10
7 =T/mb5™°

A. Ipp The pressure of deconfined QCD



Summary

Summary

@ Dimensional reduction works when T > 0.2m,.
@ New approach: Treat 2GI analytically and 2GR numerically.
@ Full perturbative understanding for all T and  up to O(g%).

@ Outlook: Minimal 2GI resummation motivates full 2Pl
resummation at larger g.
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Appendix For Further Reading

For Further Reading |

Please find all references in

G A. Ipp, K. Kajantie, A. Rebhan, A. Vuorinen
The pressure of deconfined QCD for all temperatures and
quark chemical potentials
hep-ph/0604060
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